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UNIVERSITY

MATH 263C CCE — SAMPLE EXAMINATION
You will gain the most benefit from this sample exam if you take it as if it were the supervised
examination. Set yourself a time limit of 3 hours and do not use your textbook or notes. Practice writing
out all the steps in your solutions to the problems, since you will have to show your work on the problems

for the supervised examination.

1. Determine if the following sequences {a,} converge or diverge, and if a sequence converges, find lima,, .

n 1
1) a = 1-—|;
R

2 a,=C1"

n—+©

n+1

3) a, =nsinl
n

2. Determine which of the following series are convergent.

n+cosm
(a) _—
=1 n3+1
] 2_
(b) n 1.
n=1 n2+l

3.  Determine if the series

> npr-
n=1 n-+

is absolutely convergent, conditionally convergent, or divergent.

4. (a) Prove that the series

E( )nl

@n +1)'

converges absolutely.



10.

(b) The series
= [ 2x
S(5)

is a geometric series. Find the interval of convergence and the sum of the series.

Find the interval of convergence of the series

[

)3

: n<2">

(x +10)"

Use the fact that e * has the power series representation
2 3 n
L [ . A

20 31 T

to find a power series representation of:

X -X

- e

sinhx = £
(a) x 5

(b) x2e G

Use the first two terms of an appropriate infinite series and approximate the integral f 05~y
0

Hint: Note the power series in powers of x for e* is

x? x" — x"
T=l+x+—+.. . +2—+ .. = =
n!

2! n! n=0

(a) Write the first three non-zero terms in the Taylor series for f(x) =sinx at x = w/2.

(b)  Write the first three terms in the Maclaurin series for £(x) = (1 +x)3.

(a) Find the rectangular coordinate equation of the conic having parametric equations
x =2sint, y =3 cost, where the parameter 7 satisfies 0 < £ < 27.

(b) Find the equation of the parabola whose vertex is at the origin (0,0), and whose axis is the y-
axis, if the parabola passes through the point (-3,5). Then determine the coordinates of the
focus of the parabola, and the equation of the directrix.

For the hyperbola with equation

LA
9 2

16

(a) Find the coordinates of the foci, and the equation of the asymptotes.
(b) Sketch a rough graph of the hyperbola, including the asymptotes.



11.

12.

13.

14.

15.

16.

(b)

(2)

(b)

(a)

(b)

Sketch a rough graph of the polar coordinate equation » =2 - sin#.

The graph of » =-2sin8 (polar coordinates) is a circle. Sketch the graph of the circle, and
find its rectangular coordinate equation.

Find the area of the region bounded by the graph of 72 =2sin 20 (a lemniscate; that is, like
a “figure eight”).

Set up (do not evaluate) an integral (use polar coordinates) that gives the area of the region in
the x, y plane that is:

(1)  inside the graphs of both the circles » =2 and 7 =4 cos8.
(i1) outside the graph of » = 2, and inside the graph of » =4 cos®.

Describe briefly the graph in 3-space of each of the following equations:
() y=3;

2 x=y;

(3) x?+y?=4;

@ z=y9-x2-y%
5) xy=0.

For the points P, (0,0,1) and P, (1,3,4) in a rectangular x, y, z coordinate system, find:

-
(i) avector a={a,, a,, a3) whose position vector represents the vector P, P,.

(i) the symmetric equations of a line through the points P, and P,.

For vectors a = (1,1,0) and b= (0,1, 1), find the angle 0 between gand b .

Find a unit tangent vector to the curve x =2 +sint¢, y = cost, z =t (parameter ¢) at the point P (2, 1, 0).

(2)

(b)

Compute the cross product a x b of the vectors

a=4i+37 -k, b =2i-5] +6k.

Using your result for axb from part 16(a), find the equation of the plane through

(2, -3, 2) and parallel to the plane containing the vectors aand b .



ANSWER KEY TO SAMPLE EXAMINATION

@ a-"_{1-L|-lima -{tim—"| tim|{1-L1|-1-1-1.
I’l+1 n2 n—oo n—oo n+]. n—co n2

Ina, =(-1" 7 , note the terms are:
n+1
1234 .56
2, 39 4, 59 6, 7"

Clearly, the terms oscillate back and forth between positive and negative values; so the
sequence diverges. Alternatively, note there are two sub-sequences which do converge. The
sub-sequence ——, —é, —é,... converges to —1, and the sub-sequence %, i, é,

2 4 6 357
converges to 1. Since there are two infinite subsequences converging to different values, the
given sequence diverges.

.1
) sin —
To handle a, = nsin —, where 7 is a positive integer, define f(x) = Tx, for x>0.
n
. .1
1 S — . sin—
Note: letting z = —, that lim X = 1im 32 -, Therefore, lim n -,
X X—00 2 z-07 z n-o l
x n

Alternatively, you can use L’Hopital’s Rule. Thus,

. 1 1
sin— T COS —

) X . X X . 1
lim =1lim =limcos — =cos0 =1.
X—o0 = X—00 _ L X—oo X

X x2
1
sin —
] n ) .1
Hence, lim —— =limnsin — =1.
n—-co n-o n

n



(a)

(b)

First, observe that the series

n+cosn
n=1 n3+1

is a positive-term series. It is easy to see, intuitively, that this series converges, because for

large n, (n + cosn)/(n3 +1) = n/n = 1/n?, and E 1/n? converges
1

(p-series, p =2>1). To be more rigorous, which is the idea here, you can prove the given

series converges using either the ordinary comparison test, or the limit comparison test.

Using the Ordinary Comparison test, observe that

n+cosn n-+l 2n 2
< < =
2

n3+1 n3 n3 n

for every positive integer n. Since E % converges (because E 1/n? does, as it is a p-
n

series with p = 2> 1), then the given series converges, by the Ordinary Comparison test.

To apply the Limit Comparison test in testing the given series E w = E a,
n’ +1

note that for large n, the n-th term a, is essentially like b, = n/n 3=1/n?. Further,

a
. . m+cosnm
lim -2 =1lim — =" (n?)
nve D poo n3+1
cosn
3.2 1+
. n>+n*cosn . n
=lim———>" =lim}~———72|=0
e nd+l ne | 1+ 1/n3

Therefore, since Y, b,= Y 1/n? converges, so does the given series Y a,, by the Limit

Comparison test.

The given series

~ n2-1
rZ:l n?+1

. . n?-1
diverges, because lim =1#0.

new 12+ 1



3.

To test E D" for absolute convergence, consider E . Since
n?+1 T n2 +1
n n 1 e . . .
> = —, for positive integers » > 1, and E 1/2 n diverges (a harmonic series,
n2+1 n?2+n?2 2n

except for a constant factor), then the given series is not absolutely convergent. However, the

) . . . . . (-Dn
given series is a convergent alternating series, since lim b

=0, and the sequence
n-oo n2 +1

n
{n2 R 1} = {an}, with a, = %, a, = %, a, = i, ... 1s decreasing. Thus, the given series is

conditionally convergent.

(a) Apply the Absolute Ratio test to the given series

oo

E()“ .E

. fim |2t 1 .’ 1 @n + 1)1
= lim = lim ‘2n+ 1)
We have p | U o~ 20+ 1) 1]
lim [EP D 1

no (20 +3)! 4w 2n +3)(2n + 2)

Therefore, the given series converges absolutely, and hence converges.

(b) Recall that a geometric series with ratio », namely

k-1
a+ar+ar’+. Ea

converges and has sum a/(1-r) if |r| <1. Now the given series

5 (Z) -2 (2] (2

is a geometric series with ratio 2x/3. This series converges if

2X<1 o |x| <3/2 & -3/2 <x<3/2; for these values of x, that is, for values of x in the
interval of convergence (-3/2, 3/2), the sum of the series is 2x/23 = 3 2362 .
X - 2x

1-2%
3



Applying the Absolute Ratio test to

w’we get
a1 n"
n+l n
p=lim| &EF1O" . n@Y |_yup (x+10)#‘
e | (n+1)2%0 (x +10)"| e (n+1)(2)
= x +10]/2

Hence, the given series converges absolutely (and therefore converges) for

L;(”<1 < [x+10[<2 e -2<(x+10)<2 = -12<x<-8.

Checking the endpoints x = 12, the given series is

which diverges (harmonic series). Therefore, the interval of convergence of the given series is the
interval [-12, -8).

2 3
(a) ex:1+x+x_+x_+
21 3!
2 3
- X< x
er=1-x+"—-"
2! 3!
Hence,
_ 2x3  2x3
e*-e*=2x+ + , and
3! 5!
sinhx =(e*-e™)/2 =x +x3/3! + x5! + ..
© 2n+1
:E X , —o<xy<oo
n=0 (2n'+1)!
4 6 6 8
b) x%e¥ =x2[1+x2+X + X 4 | =x2axte o2 4
21 3! 21 3!
© 2n+2
:Ex , —0o<x <oo



7.  First, in the power series

2 n
ex=1+x+x—+...+x—+..., —o0 < x < o0

2! n!

2

replace x by -x3. This gives

3!
x4 1 x7 1 x10 0.5

=x--—+ " — —
4 2 7 3110 0

4
~05- 03" _ 5 0625 4o,
4
7
with error from the true sum < % @ ~ .00056.

8. Here, f(x) =sinx = f'(x) =cosx, f/(x) = -sinx, f/”(x) = -cosx, f®(x) =sinx, ...

Now, f(@/2) =sinn/2 =1; f/@/2) =0; f/@®/2) = -1
" @2) =0, fP@) =1, etc.

The Taylor series for f(x) =sinx in powers of (x - w/2) is
£ =sinx =} fL’f/z) (- m2)"
n=0 n:
= n +f n - + m — 2
—f( 2) f( 2) (x - m/2) o (x - m2)
, f—mg"‘/ 2) (x - 2 + f—“)f"/ 2 (- w2yt + .

C-m2P | @-m2)t
2! 4!

-1




b) fx) =1 +x) =£0) +1 (0)x +J@x2 + .

Here, £/(x) = % (1 +x) %, () - 2% (1 +x)5,

and £(0) =1, £/(0) = 1/5, f/(0) = -4/25; so

1 4 ,
xX)=1+—x- —x"+..
f&) X7 50

2 2
9. (a) x=2sint,y=3cost<=>(%) +(%) = sin’t + cos’t = 1.

2 2

Now xT +2_ =1is the equation of an ellipse.

9

(b) The parabola is symmetric with respect to the y-axis, and its equation is of the form x2 =cy,
¢ a constant. Since the parabola passes through the point (-3, 5), the equation of the parabola
is satisfied by x = -3, y =5. Thus, (-3)? = ¢ (5), and ¢ =9/5. The equation of the parabola
is x2=9/5y, or x2 =4py, with 4p = 9/5, p = 9/20. This shows the focus of the parabola is
F (0, 9/20), and the directrix has equation y = -9/20.

y
A
¢ F (0, 9/20)
! L » X
““““““ ¢ y=-9/20

10. (a) The given equation of the hyperbola is of the form x%/a? - y?/b? = 1, with a? =16, b% = 4.
The vertices are (=4, 0), and the foci at (x¢, 0), where c?=a%+b?=20, and
¢ =420 =2,/5 ~ 4.47. The asymptotes have equations y = b/a (x) = +(2/4)x = £(1/2)x.



(b) Y

SP— >» X
11. (a) r=2-sinb y (b) r=-2sin6
A A
> X
1 o
L 2,0) B
B (-2, 31/2)
(3, 3n/2)

In (b), to change the equation » = -2 sin® to rectangular coordinates, observe

r =-— (X) 4=>r2:—2y4=>x2+y2:—2y
r

or x2+y2+2y=0 < x2+(y+1)?=1. This is the rectangular coordinate equation of a
circle with center at (x =0, y = -1), and radius 1.

12. (a) The graph of the lemniscate 72 =2 sin 20 is roughly as sketched below.

y
A —) O =n/4

» x (polar axis)




Note: Since the equation 72 =2 sin 20 isn’t changed when  is replaced by -r, the graph is
symmetric with respect to the pole (the origin here). The area is therefore twice the area of
the loop in the first quadrant, and is

2-f"’21r2de=2f"’zsinzede
o 2 0

= 2(—% cos 2e|:;/2 =—cosm +cos 0

——(-1)+1=2.

12. (b) The graphs of the circles » =2 and r =4 cos 8 are depicted below.

0=n/3

» -

r=4cosH

The circles intersect where 4cos0 =2 < cos8=1/2 < 0 =n/3.

(1)  The area inside the graphs of both circles is

2.1 “’322de+2-lf“’2(4cose)2d9
2Jo 2 Jan

- ”’34de+f“’216cos29de.
0 /3

(1)) The area outside the graph of 7 =2 and inside the graph of » =4 cos 6 is

l /3 2 A2
2 2f0 (4 cos 8)2 - 22| 6.



13. (a) (1) y =3 isthe equation of a plane parallel to the x, z plane and 3 units to its right.

(2) x =y is the equation of a plane perpendicular to the x, y plane, and intersects the x, y
plane along the line x =y in the x, y plane.

(3) x2+y? =4 is the equation of a right circular cylinder perpendicular to the x,y plane.
The cross section cut out of the cylinder by the x,y plane is the circle x2 +y2 =4 in the
x,y plane. The cylinder has radius 2, and its axis is the z-axis.

(4) z=y9-x2-y?=x%+y?+22=9 which is a sphere, with center at the origin and

radius 3; s0 z =y/9 - x2 - y? is the equation of the top half of this sphere (a
hemisphere) where z > 0.

(5) =xy=0 issatisfied by x =0 or y =0. Now in three-space, the graph of x =0 isthe y, z
plane, and the graph of y =0 is the x, z plane; thus the graph of xy =0 is the union of
the y, z plane and the x, z plane.

() () a={1-0,3-0,4-1)=(1,3,3).

x-1_y-3 =Z_4, or equally well, x-Y_z2" 1

)
@ = 3 3 1 3 3

14. Recall the basic result

- - —

a-b=|a||b|cos®

where 0 is the angle between the vectors @ and b . From the preceding equation, we have

cosf = ffb_) - (1,1,0)-¢0,1, 1)
allpl yPer 002+ 124 12
_10+@M@+0() _

1
22 2

Hence, 6 = cos‘l( %) =m/3.



15.

16.

Let 7 (f) denote the position vector from the origin (0, 0, 0) to a general point P (x, y, z) on the
curve. Here,

7(t) =xi +y7 vz7k = 2+ sint)? + (cost)}') itk
Clearly, the point P (2, 1, 0) corresponds to ¢ = 0; so you want to compute first r 0).

Note r/(f) = (cosf)i - (sinf)j +k;sor/(0)=7 +k, and |r/(0)] =y2.

—

r'©) 1 g

The desired unit tangent vector is —;

1
'O 2

+ E).

-7(18-5) - 7 (24 +2) + K(-20 - 6)

(@A) axb-= 18 -
=137 - 265 - 26k

(b) Since the plane whose equation we seek is parallel to the plane containing the vectors

— —
a and b , normal vectors to these two planes have the same direction. Now recall that

- —

a x b is normal to the plane containing the vectors a and b . Thus, as a normal vector to

the plane containing the point (2, -3, 2),we can take the vector 137 - 267 - 26k
computed in 16(a); equally well, we can use as the normal vector to this plane the vector

7- 27 -2k . The equation of the plane through (2, -3, 2) is thus
1(x-2)-2@®+3) - 2(z-2) =0, orequivalently, x-2y - 2z - 4 =0.



